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Comparison of Local and Global Approximations
for Reliability Estimation
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University of California, Los Angeles, Los Angeles, California 90095-1597

and

H. Jensen'
F. Santa Maria University, Valparaiso, Chile

An approach based on approximation concepts to estimate system reliability is presented. Limit-state functions
are approximated explicitly in terms of the random variables of the system. These approximations are then used
in conjunction with Monte Carlo simulation to estimatc system reliability. Local and global approximations are
studied and comparcd in terms of efficiency and accuracy for their potential use in reliability-based optimization.
Examplc problems arc presented to illustrate the ideas set forth.

Introduction

ESIGN optimization via general nonlinear mathematical pro-

gramming techniques has been widely used for engineering
design during the last decade. Traditionally, the objective and con-
straint functions, load conditions, failure modes, structural param-
eters, and design variables are treated in a deterministic manner. In
general, for a structural design problem involving uncertainties, op-
timized structures using a deterministic approach may have a higher
failure probability than unoptimized structures since they are usu-
ally more sensitive to off-design conditions. Therefore, to ensure a
certain margin of safety for the design, it is necessary to introduce
reliability constraints to achieve a balance between cost and safety
for the optimal design. In deterministic optimization this is done by
introducing safety factors, but by doing this, the reliability of the
final design is never known. Design optimization of structures sub-
ject to reliability requirements is generally regarded as the ultimate
goal of any design procedure. The basic approach in reliability-
based structural optimization is to minimize the total cost or weight
of the structure for a specified set of constraints on the overall sys-
tem reliability or probability of failurc. Uncertainties are introduced
by using probabilistic models in which structural parameters and/or
design variables arc considered random or stochastic.

The main problem encountered, when reliability constraints arc
introduced, is to find an cfficient way, from a numerical point of
view, to evaluate the system reliability. Moreover, since in an op-
timization environment these constraints and their sensitivities are
evaluated several times, reliability estimation must be computation-
ally inexpensive while preserving a degree of accuracy that makes
the optimization results meaningful. The two basic approaches to
estimate system reliability are 1) the safety index approach' and 2)
Monte Carlo simulation.? The safety index approach is based on lin-
earized response surfaces and provides accurate approximations for
system reliability depending on the curvature of the failure surface
about the linearization point. Monte Carlo simulation, on the other
hand, gives in general accurate approximations but is computation-
ally very expensive.

Approximations have been used for reliability estimation to al-
leviate the heavy computational burden associated with numerical
simulation. The safety index approach is, in fact, a simple approx-
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imation technique in which the failure surface is approximated lin-
early. In this context, research efforts have been made to minimize
the error induced in the approximation by finding the best lincariza-
tion point, like, for example, the most probable point.>=> Approx-
imations for the response surface using higher-order polynomials
or other nonlinear functions has received much attention.®™® Most
of these methods approximate the failure surface in the presence
of multiple failure modes using least-squares fit and then use sim-
ulation or safety index to estimate reliability or failure probability.
Least-squares [it techniques require multiple analyses to construct
the approximation and usually fail to capture the nonsmoothness of
the response surface because of transitions from one failure mode
to another. It is commonly viewed that approximating each failure
mode separately is prohibitively expensive since the computational
effort to solve for the coefficients in the approximations becomes
extremely high with the number of variables.

In this paper, the idea of approximation concepts,” commonly
used in deterministic structural optimization, is extended (o the
nondeterministic case. Such an attempt is presented in Ref. 10. In
the classical approximation concepts approach to structural syn-
thesis, the optimization is carried out by generating and solving
a sequence of explicit approximate optimization problems. In this
context, accurate approximations for the objective and constraint re-
sponse functions are constructed by approximating intermediate re-
sponse quantities in terms of sclected intermediate variables. These
approximations arc based on first-order information and have, in
general, a high degree of accuracy in the neighborhood of their base
design expansions. The basic idea in Ref. 10 was to approximate
each failure surfaces locally and then use Monte Carlo simulation
with the approximate model to estimate system reliability.

The accuracy in the system reliability estimation using this idea
is strongly dependent on the degree of nonlinearity in the rela-
tion between the response functions and system parameters, and
the variance of the random variables, since, for larger deviations,
the approximations have to be accurate over a wider range of the
design space. The main advantage of the method is that since indi-
vidual failure modes are approximated separately, thc nonsmooth-
ness associated to the response surface is not encountered and only
one analysis of the system is requircd to construct the approxi-
mate state-limit functions. In this respect, introducing approxima-
tions that are devised to approximate the failure surfaces in a global
sense, called global approximations in this work, can, in general,
improve the accuracy of the system reliability estimation since they
reflect the average behavior of the response functions over a wide
range.

In what follows, a comparison of local and global approximations
for system reliability estimation is presented. First, the general struc-
tural synthesis problem is defined and approximation concepts are
introduced in the context of reliability-based optimal design. Finally,
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some example problems are presented to numerically compare both
types of approximations for reliability evaluation.

Problem Statement

For a general structural synthesis problem, the constraints are ex-
pressed in terms of bounds for displacements, stresses, frequencies,
etc. All of these constraints depend on the design variables and fixed
structural parameters that, for reliability constraints, are considered
random variables. The set of safe or feasible designs can then be
expressed as

Q={0.p1gi{y.p) =0, j=1....m} O
where y(y;, i =1, ..., n,) represents the vector of design variables
and p(p;, j = 1,..., n,)isthe vector of structural parameters, both

of them modeled as random variables, and the functions g;(y, p)
are deterministic structural responses.

With the previous notation, a reliability-based structural synthesis
problem can be written as a nonlinear mathematical optimization
problem of the form

Min f(y, p) s.t. Prob[(y, p) € Q] = P 2)
where P is a user-specified level of reliability for the system.

The main computational effort in the solution of this problem
is associated with the evaluation of the functions g;(y, p) and the
calculation of the probability. The evaluation of g;(y, p) requires
a structural analysis of the structure at each instance (y, p) and
the exact evaluation of the corresponding probability requires the
numerical evaluation of a multiple integral.

In an optimization environment, the system reliability function
has to be evaluated several times before a near-optimal design can
be obtained. Thus, direct application of Monte Carlo simulation is
impractical for moderate sized problems even though it gives the
best estimate. The safety index approach is less intensive compu-
tationally, since the evaluation of the reliability index B requirces
only one analysis at the best linearization point, but the problems of
approximating the response surface and obtaining the linearization
point still remain. At the same time, this approach usually suffers
from questions of accuracy since the quality of the approximations is
strictly dependent on the degree of variation of the random variables
and the correlation between failure modes.

Approximation concepts provide a powerful tool to overcome
the burden of the evaluation of g;(y. p). The functions g;(y, p) are
approximated locally or globally for a certain region in the (y, p)
space [say g;(y, p)]. Using these approximate functions, an approx-
imation for € is constructed (£2) that is now explicit in both design
variables and parameters. The approximate reliability constraint is
then given by

Prob[(y, p) € Q1 = P )

The evaluation of Eq. (3) still requires the evaluation of a mul-
tiple integral, which is very costly depending on the number of
independent random variables. But, since all approximate surfaces
are explicit, using a Monte Carlo simulation technique with Q is
feasible from a computational point of view. In this work, global
approximations for the response functions are developed and their
performance is compared with reliability estimation based on local
approximations.

Approximation Concepts
The response functions involved in the definition of the limit-
state surfaces, that is, the functions g;(y, p), j = 1,....m, are, in
general, given explicitly in terms of intermediate response quanti-
ties, which on the other hand are implicit nonlinear functions of the
system parameters. For example, consider the stress in a symmetric
beam subject to axial loads and bending moment,

o =PJ/A+Mc/l (4)

The axial load P and bending moment M are implicit {unctions
of the structural stiffness, which in this case, for simplicity, are
represented by A and /. Defining P and M as intermediate response

quantities, it is seen from Eq. (4) that o is explicit in these quantitics.
The cross-sectional properties A, I, and ¢ are explicit functions of
the cross-sectional dimensions (e.g., height, width), which are the
actual design variables. Generalizing the concept, the jth limit-state
surface can be written as

giy.p)=h;(Rx,y,p) <0 (5)

where R;,i € [ denote the intermediate response quantities and
xj, j € J denote the intermediate system parameters. It is assumed
that 1) A; is explicit in R, x,y, p; 2) R;(x),i € I are implicit
functions of x; and 3) x;(y, p), j € J are explicit functions of y
and p.

Approximations are constructed by approximating the interme-
diate response quantities R; cxplicitly in terms of the intermediate
variables x, to give R; (x), i € I. With these approximate quantities,
the approximate limit-state surface is given by

g0 p)=hi{Rlx(y, pL.x(y, p).y, pt <0 (6)

Applying these concepts for the beam stress given in Eq. (4), the
force P and moment M are approximated in terms of A and / giving
P(A, I)and M (A, I). To complete the approximation A and [ are
expressed explicitly in terms of the actual variables. To illustrate the
idea, assume that the cross section is rectangular with height z and
width b, then

A(b, h) = bh (7a)
I(b, h) = {5bh’ (7b)
Then, the approximate stress is given by

PIA(b, h), [ (b, ID)]
A(b, h)

MIAb, h), 1(b, )] h
1(b, ) 2

ab, h) = (8)

This approximation captures most of the inherent nonlinearities
of the actual function and provides, in general, very accurate approx-
imate stresses.!! Note that, if a first-order approximation is chosen
for P and M, the approximate stress is exact for statically determi-
nate structures.

For the general case, the approximations for R;, i € I in Eq. (6)
(denoted by R;) can either be local, using information at a given
base design, or global to reflect the functional behavior over a wider
range of the design space. Local approximations are cxact at the
base design, and the error increases with the distance to it. Global
approximations give, on the other hand, a more accurate description
of the function over a wide range but are not necessarily exact at any
point, and usually at a higher computational cost. In what follows,
both approaches will be examined from the point of view of accuracy
for reliability estimation and computational effort associated to the
construction of the approximations.

Local Approximations

The approximations for the intermediate response quantities are
constructed using local information about a base line design. For
example, R;(x) can be written in general form as

N
R’i(x) = ZR,'/(»’C(),X) (9)

i1

where xo = x(yo, po), (Yo, po) is the base linc design for the system
parameters and R;; () is a multivariate polynomial expansion of jth
order about x;. In this paper, the basc line design is taken as the
mean value for random variables.

For the casc of static problems, onc of such intermediate response
quantities is the solution of the static equilibrium equation of the
structural system, that is, the solution of the equation

Ku=f (1)

where u represents the dependent variable, K is the stiffness matrix,
and f represents the external forces. As previously mentioned, for
all but trivial cases, this function is available only in an algorithm
sense, e.g., a [inite element code.
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The dependent variable « can now be approximated locally about
a base design, using first- or higher-order information about such
point. The most simple first-order approximation corresponds to a
Taylor expansion in terms of the set of system parameters. In that
case, approximation for the dependent variable u takes the form

N
i) = uxg) + Yy (x — xi0) (m (an

i=1

where x; in the nominal or baseline value for the set of intermediate
parameters. As mentioned earlier, this approximation has a high
degree of accuracy only in the neighborhood of its base design.
To enhance the global quality of the approximation, intermediate
variables as well as reciprocal or hybrid variables have been used
extensively in the context of structural synthesis.'''?

For the case of reciprocal variables, the approximation is

1 | 0
u(x) = ulxy) — Zx,() ( - _> _M(X()) (12)

iz Xi xin /) 3x;

When the response function is highly nonlinear, sccond-order
approximations may be required. In the case of direct variables, the
approximation for the dependent variable « is given by

u(x) = ulxo) + Z(x, — Xit (Jm)

i=1

2

N N 2u
ZZ( —Xjo)(x; — x ,(1),) ox (()) (13a)

i=1j=1

+

l\)l——

and the second-order approximation in terms of reciprocal variables
is given by

[ AN
u(x) = ulxg) — Zm( - ‘>%(xo)

i=1

DD 7 (LI | (LN WU MRS
Xoxs _— — - - X
+ . XioX jo X xo/\x; dx;0x; !

/0

Note that the nominal value of the dependent variable [u(x()}] corre-
sponds to the solution of a standard equilibrium equation, whereas
the derivatives of such a function are the solution of the same equa-
tion with different right-hand sides. The solution of these equations
can be computed very easily using the finite element method. Once
the intermediate response functions have been approximated, the
approximate failure surfaces are given explicitly in terms of the
set of system parameters. The approximate system reliability is ob-
tained by combining these approximations with simulation tech-
niques, which is now feasible from a computational point of view,
because of the explicitness of the functions g (y, p), j = 1,... . m.

Global Approximations

Tointroduce the concept of global approximations, consider again
the static case. If the selection of the intermediate design variables is
such that the stiffness properties of the structural system are multi-
variate polynomial functions of x (intermediate variables), then the
stiffness matrix can be written as

N N N
K@) =Ko+ ) xKi+) ) xxK,

i=1 i=1j=1

N N N
+Y 3D i K+ (14)

i=lj=1/=I

where the matrices Ko, K;, K;;, Kjj1, ..., are the coefficients of the
stiffness matrix expansion. If the stiffness propertics are not poly-
nomial functions of the set of intermediate design variables, then
an expansion similar to Eq. (14) can be defined by a least-squares
fit between the multivariate expansion and the exact dependence of
the stiffness matrix on x.

Equation (10) shows the relationships between the system re-
sponsc and the system parameters. To solve the equation of equilib-
rium, the dependent variable u is expanded in terms of a complete
setof qnalytlcal functions. In this paper, a set of orthogonal polyno-
mlals]—[ Ly (x),g;=0,1,....i=1,..., N, isused as a basis
for the expansion of the dependem variables. The polynomials are
orthogonal in the inner product space defined by the mean operation,
that is,

E[Ly ()L (x)] = 3, (15)

where E(-) is the expectation operation and §,, is the Kronecker
dclta. Expansions in terms of direct and reciprocal variables are
considered here. The selection for the type of expansion depends
on the functional dependence of the response function on the set of
intermediate design variables. For some responses, expansions in
terms of reciprocal variables are more accurate than those that use
direct variables and vice versa. Some comparisons are presented in
the Example Problems section.
The expansion of the vector u is written as

i(x) = Zu,-(x) (16)

i>0
where u; (-), i > 0 represents a polynomial cxpansion of ith order
given by

uo(x) = uy

(17)

and

wi(x) =Y uy . (//VI—[L(,J[K(X P> (18)

lyl=i j=1

where ¢ is the vector with components ¢; and |¢| stands for the norm
of ¢ defined by |g| = }:}V: \gi, k(- is either the identity [unction
[«(x;) = x;] or the inverse function [«x(x;) = 1/x;], and uy, 4y
are the unknown cocfficicnts of the cxpansion. For example, the
polynomial expansion of first order u (x) is given by

u(x) =wuo oLk (x)]Lolx(x2)] -+ Lole(xy)]
+uy g oLolc (o)L [k (k)] - - - Lok (xy)]
+ o tugo Lol Lol (xo)] - Life (xpy)] (19)

The higher-order polynomials can be defined in a similar manner
directly from Eq. (18).

The system response is fully characterized by the coefficients of
the expansion (16). The weighted residual method is used to derive
a set of equations for computing the unknown coefficients ol the
expansion. For this, a residual function is first defined as

R.(x) = K(x)i(x) — f (20)

Then the residual function is minimized by forcing it to be orthogo-
nal, with respect to the inner product defined by the mean opcration,
to the space of functions used in the expansion of the vector of inter-
mediate response quantitics. The equations for the unknown coef-
ficients of the expansion are obtained by substituting Eqgs. (14) and
(16) into the residual function. Orthogonality conditions along with
appropriate recursive formulas for the orthogonal basis are then used
to derive the set of cquations for the coelficients of the expansion.
It can be shown that the basis of Legendre polynomials is par-
ticularly appropriate when the system parameters arc modeled with
uniform distributions, since its orthogonality condition greatly sim-
plifies the derivation of the equation for the unknown coefficients.'?
Similarly, the Hermite polynomials are appropriate for normal ran-
dom variables and Laguerre polynomials for exponential random
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variables. For other probability distributions, suitable basis can also
be defined.'* ¥ Rearranging the coefficients u,, _,, into a vector
it, the global system of equations for the unknowns can be written
as

Ki=f 21

where K is the generalized stiffness matrix of the system and £ is
the generalized total effective load vector. The particular structure
of the system of equations depends on the order of the multivariate
expansion ot the stiffness matrix, and on the order of the approxi-
mation for the dependent variable « (Refs. 13 and 16).

The global system of equations is now solved to find the unknowns
of the expansion. The dimension of the generalized stiffness matrix
increases fast with the number of design parameters involved in the
problem, which may pose problems with the computer storage re-
quired for the numerical implementation. Nevertheless, this system
is sparse, which reduces both the computational effort and computer
storage requirements. In addition, the global system of equations re-
mains symmetric and positive definite (the same properties of the
standard stiffness matrix). The system is solved numerically us-
ing iterative methods, since they involve the system matrix only in
matrix-vector multiplications, allowing an efficient implementation
in a vector processing computer environment. Therefore, methods
such as Gauss—Seidel, conjugate gradients, or preconditioned con-
jugate gradients are appropriate for this formulation. Gauss—Seidel
iteration is the algorithm used for the numerical examples presented
in this paper. Experience has shown that few iterations are needed to
provide reasonable accuracy for the numerical examples considered
by the authors. Specific values are given in the Example Problems
section.

Finally, once the approximation for the dependent variable has
been obtained (i.e., once the coefficients have been solved for), the
response functions g;(y, p), j = 1, ..., m canbe written explicitly
in terms of the set of system parameters. As before, because of the
explicitness of the approximations, the reliability can be cvaluated
in an efficient way using simulation.

Ilustrative Example

To illustrate the formulation presented earlier, a structural system
defined by truss members is considered. The design variable for
member ¢ is selected to be the cross-sectional area A, thatis assumed
to be uniformly distributed. Then the elemental stiffness matrix can
be written as

K (xe) = x. K, (22)

where the intermediate design variable x, is given by x,(y,) = y, =
A, and the matrix K, is defined as

&:EM{~}_D 23)

where E is the elastic modulus and L, is the length of the element.

To assemble the global stiffness matrix of the structural system,
the elemental matrices are transformed into a global coordinate
system through a transformation matrix. Then, for example, using
the standard finite element methodology, the global stiffness matrix
K (x) is assembled and written as in Eq. (14). In this particular case,
the expansion of the stiffness matrix in terms of the intermediate
design parameters takes the form

N,

K(x)=Y xK. (24)

=1
where N, is the number of elements in the structure, and K,, ¢ =
1,..., N,arethe extended version of the elemental matrices K, ¢ =
1,..., N, in global coordinates. It is noted that Eq. (24) assumes

that the number ot design variables is equal to the number of struc-
tural elements, that is, N = N,. Similar expressions for the ex-
pansion of the stiffness matrix can be obtained for other system
parameters and for structural systems modeled by elements other
than truss members,

The equations for the coefficients u,, ., are obtained as pre-
viously described. If the expansion for the dependent variable u is
defined in terms of direct variables, then the coefficients are gov-
erned by the set of equations

(25)

where o, = p;i//[(2pi — DQ2p;i + D1, §;; is the Kronecker delta,
A = [xi — xyy}/2, and AT = [x;, + x;;1/2, with x;; being the lower
limi¢ of the range of variation of the intermediate design variable
x; and x;, the corresponding upper limit. For example, the equation
corresponding to the indices p; = 0,i = 1,..., N takes the form

N
<Z KiA;‘>M(J.H..A..() Fo {K Ao 0+ KoDoug o
=1

Ny
+o+ KyAyugp.a) = <2N/2]_[A?>f (26)

i=1

On the other hand, if the expansion is given in terms of reciprocal
variables, that is,

N
IZ(X) = Z Uyy.qn 1—[ Lz/, (l/)‘l) (27)
lgl =0 i=1
then the set of equations for the coefficients becomes (cquation
corresponding to the set of indices s, ..., sy > 0)
N N
Z Z Kiu‘ll ----- 4N n [a‘\'/rH A.fS(/j -1y
lgl=0i=1 j=1#i

+ A);qu.\/ + a.\/ A_/'aqj—fl.\/](sz/,.\,

N 1
=2V T A e aibys + AT8,0]f 515w =0 (28)
(=1

where A; and AY are now defined as [1/x;; — 1/x;,1/2 and [1/x;, +
1/x;,1/2, respectively, and all other terms are as previously defined.
The derivation of equations similar to Egs. (25) and (28) is given in
Refs. 16 and 17.

As mentioned before, the structure of the generalized stiffness
matrix K depends on the order of approximation of u. If a first-

order approximation is considered, then the system matrix is given
by

H(j H[ H'_7 e IJN
H Hy, 0 .. 0
K=|H, 0 H 0 29
Hy 0 0 - H,
where # is defined as 47 = (M0.0....00 U000 Mot 0s oy Mo 1)
and where
N
Hy = AK; (30
i=1
and
H/:(X|A/K1, Izl,,N (31)

for an expansion in terms of direct variables, and

N N
m:Zm[ﬂzﬁ (32)

=l P=tii
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Table 1 Portal frame, local approximations, uniform distributions, one failure mode

Probability of failure

Coefficient of Monte Carlo, Linear direct Quadratic direct  Linear reciprocal Quadratic reciprocal

variation [, [», % exact variables variables variables variables
5 7.286 x 107%  1.590 x 107*  6.631 x 1074 7.311 x 107 7.286 x 1074
10 4860 x 1072 2920 x 1072 4.544 x 1072 5.030 x 1072 4.843 x 1072
15 1435 x 1071 0.868 x 10~ 1314 x 107! 1.495 x 10~ 1,422 x 107!
P u 120
—n b ——
1, 1
100 —
1 I
3m ! 1 J
80
A
77777 777, 4
6m =
s E
£, 60
Fig. 1 Portal frame structure. 2
23 R
€
-~
and 40
N N 1
H=ad Y K T & I=1,...,N
i=Litl J=lEi A 20 —
(33)
for an expansion in terms of reciprocal variables. -
The generalized stiffness matrix can be defined in a similar man-
ner if higher-order approximations are considered for the expansion 0 T I T
f ariable u. Similar expressions for the set of -
of the dependent variable u. Si p r the set of equa 5.000E-1 1.500E+0 2.500E40

tions for the coefficients of the expansion u,, .4, can be obtained
if distributions other than uniform are considered.

Example Problems

The following examples have been chosen to compare local and
global approximations for reliability evaluation.

Problem 1: Portal Frame

The first example problem involves the portal frame structure
shown in Fig. 1. The load P and Young’s modulus are considered
deterministic with a values of 2000 kgf and 2500 kgf/mm?, respec-
tively. Two limit states are considered in this example and given by
the conditions

u<U (34a)
and
<X (34b)

where the degree of freedom u is shown in Fig. 1 and o is the
maximum axial bending stress at point A (see Fig. 1). The terms
U and X are random variables with coefficient of variation of 5%
and with mean values equal to 1.2 times the nominal values of the
displacement « and stress o (solution obtained with mean value for
the design parameters), respectively. The moments of inertia /; and
I, are also considered uniform random variables. The mean value for
these variables is given by /; = 3 x 10* mm* and I, = 4 x 10* mm*.

Two cases were studied for this problem. In the first case, all
random variables are uniform, and in the second case, all random
variables arc normal. Tables 1-8 show the approximation to the
probability of failure using local and global approximations. Lin-
ear and quadratic approximations in terms of direct and reciprocal
variables are considered.

Monte Carlo simulations were done with a sample size such that
the confidence of the estimation is 1%. In all tables, the column
labeled Monte Carlo gives the probability of failure using simula-
tion on the exact system, thus these values are considered exact for
comparison purposes.

Uniform Distributions

Tables 1 and 2 show the probability of failure of the system con-
sidering one failure mode [bound on displacement, see Eq. (34a)].
From the tables it is seen that both local and global approximations

Frequency (Hz)

Fig. 2 Steady-state response amplitude for a two-degree-of-freedom
system.

have a similar behavior, which is expected for this problem, since
the response function is smooth. Comparing the error in the approx-
imation, it is seen that for the same order and choice of variables,
the global approximations are more accurate for system reliability
estimation. This effect is especially important for larger coctficients
of variation of the system parameters. The case of two failure modes
[Egs. (34)] is shown in Tables 3 and 4, which show a similar behav-
ior as in the case of one failure mode. It is important to note that
in this case both limit-state surfaces were approximated separately,
and thus the correlation between modes is completely captured by
the approximation.

Normal Distributions

In this case all random variables were assumed to have a truncated
normal distribution. Tables 5 and 6 show the approximation to the
probability of failure considering only one failure mode, and Tables
7 and 8 show the case of two failure modes. From these tables, it
is scen that in terms of accuracy the situation is similar to the case
with uniform distributions. Comparing Tables 1-4 with Tables 5-8,
one can observe that the probability of failurc for the normal case is
smaller than the uniform case, since the distribution is concentrated
around the mean value.

Finally, the number of iterations required for the convergence
of the Gauss—Seidel method, in the global approximation approach
[solution of Eq. (21)], was five for this example problem.

Problem 2: Frequency Response

This second example problem involves the amplitude of the
steady-state response F(2) for a two-degree-of-freedom system
shown in Fig. 2. The limit state considered in this example is given
by the condition

F(Q2) = Ky (35)

where Fj is the threshold level.
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Table 2 Portal frame, global approximations, uniform distributions, one faliure mode

Probability of failure

Coefficient of Monte Carlo, Linear direct Quadratic direct Linear reciprocal Quadratic reciprocal
variation I, I3, % exact variables variables variables variables
5 7286 x 107 3.035 x 1074 7.127 x 10~* 7310 x 1074 7.286 x 1074
10 4860 x 1072 4.101 x 1072 4.845 x 1072 4.881 x 1072 4.860 x 102
15 1435 x 107" 1290 x 107! 1.443 x 107! 1.447 x 107! 1.435 x 10!

Table 3 Portal frame, local approximations, uniform distributions, two faliure modes

Probability of failure

Coefficient of Monte Carlo, Linear direct Quadratic direct ~ Linear reciprocal ~ Quadratic reciprocal
variation I, I2, % exact variables variables variables variables
5 3115 x 1073 0.960 x 1077 2.870 x 1073 3.145 x 1073 3115 x 1073
10 1.069 x 1071 0.714 x 107! 1.015 x 10~} 1.089 x 107! 1.066 x 10!
15 2306 x 107! 1.695 x 107! 2.206 x 107! 2.346 % 10~ 2.300 x 10!

Table 4 Portal frame, global approximations, uniform distributions, two failure modes

Probability of failure

Cocfficient of Monte Carlo, Linear direct Quadratic direct ~ Linear reciprocal ~ Quadratic reciprocal
variation [y, [, % exact variables variables variables variables
5 3015 x 1074 1625 x 1073 3.055 x 1073 3.090 x 1073 3115 x 1073
10 1.069 x 1071 0.951 x 10~ 1.071 x 107! 1.073 x 107! 1.069 x 10!
15 2306 x 1071 2292 x 107! 2.345 x 107! 2.307 x 107! 2.306 x 107!

Table 5 Portal frame, local approximations, normal distributions, one failure mode

Probability of failure

Cocflicient of Monte Carlo, Linear direct Quadratic direct  Linear reciprocal Quadratic reciprocal
variation [, I>, % exact variables variables variables variables
5 6.000 x 1073 0.000 4.997 x 1077 5.996 x 1077 5.997 x 1075
10 1.765 x 1072 0.878 x 1073 1.613 x 1072 1.835 x 1072 1757 x 1072
15 8.260 x 1072 4.363 x 1072 7.396 x 10~2 8.608 x 1072 8.176 x 1072

Table 6 Portal frame, global approximations, normal distributions, one failure mode

Probability of failure

Coetficient of Monte Carlo, Linear direct Quadratic direct  Linear reciprocal ~ Quadratic reciprocal
variation /1, I, % exact variables variables variables variables

5 6.000 x 1075 1.000 x 1075 5.501 x 1073 5.500 x 1073 5.997 x 1073

10 1765 % 1072 1.425 x 1072 1.764 x 1072 1.748 x 1072 1.766 x 1072

15 8260 x 1072 7.672 x 1072 8.445 x 1072 8.230 x 1072 8.261 x 1072

Table 7 Portal frame, local approximations, normal distributions, two failure modes

Probability of failure

Coefficient of Monte Carlo, Linear direct Quadratic direct Linear reciprocal Quadratic reciprocal
variation 1\, Iy, % exact variables variables variables variables

5 3.600 x 107 0.900 % 1074 3.050 x 1074 3.600 x 1074 3.600 x 1074

10 4.619 % 1072 2.574 x 10~2 4290 x 1072 4721 x 1072 4.609 x 1072
15 1.426 x 107 0.947 x 10~! 1.351 x 10™! 1.452 % 107! 1.421 % 10™!

Table 8 Portal frame, global approximations, normal distributions, two failurc modes

Probability of failure

Coefficient of Monte Carlo, Linear direct Quadratic direct Linear reciprocal Quadratic reciprocal
variation {1, I, % exact variables variables variables variables

5 3.600 x 107 1.500 x 1074 3.400 x 1074 3.600 x 1074 3.600 x 1074

10 4619 x 1072 3.921 x 1072 4.641 x 1072 4.613 x 1072 4.621 x 1072

15 1.426 x 107! 1.485 x 107! 1.478 x 107! 1.418 x 10~ 1.427 x 10!
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Fig. 3 First-order approximations in the neighborhood of the first
resonance peak; (1) exact response, (2) local approximation, and
(3) global approximation: a) approximation using direct variables and
b) approximation using reciprocal variables.

The random structural parameter is €2, the forcing frequency.
This variable is considered uniform with mean value 0.8 Hz, which
corresponds to the first resonant peak. This case is selected to show
that first-order approximations may not be able to capture the be-
havior of a highly nonlinear response over the desired range and
higher-order approximations might be required. The steady-state
response corresponds to the solution of a linear system of equa-
tions, which is the one used in the global approximation approach.
Figure 3 shows both local and global first-order approximations for
F(L2) in terms of the direct and reciprocal variables. It is clear that
these approximations are not able to capture the curvature of the
response function, and therefore the system reliability is not well
approximated.

Local and global quadratic approximations are shown in Fig. 4.
These second-order approximations capture the curvature of the re-
sponse for both types of expansions (direct and reciprocal variables).
It is noted, however, that the approximation obtained by the local
expansion is accurate only in the neighborhood of the mean value
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Fig. 4 Second-order approximations in the neighborhood of the first
resonance peak; (1) exact response, (2) local approximation, and (3)
global approximation: a) approximation using direct variables and b)
approximation using reciprocal variables.

of the structural parameter. In this case, the overall behavior of the
response is better represented by the global expansion in terms of
direct variables. Figure 5 shows the exact and approximate system
reliability for a coefficient of variation of 10% for Q. The global
approximations give a better estimate even though the approxima-
tion for the response itself is less accurate (see Fig. 4). The figure
also shows that the system reliability is overestimated when using
local approximations. This is interesting, since in a design process
overestimating the system reliability can mislead the final design.
In this example, the number of iterations required for solving the
global system of equations in the global approximation approach
was 10. This number of iterations in addition to the one required in
the first example indicates that, in general, only a few iterations are
needed to get a reasonable accuracy in the results.

Finally, Fig. 6 shows the comparison between the local second-
order approximation and a higher-order global approximation, both
using direct variables. The global approximation uses the first three
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Fig. 5 System reliability using second-order approximation for 10%

coefficient for variation for the forcing frequency: (1) exact response,
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Fig. 6 Response amplitude: (1) exact, (2) second-order local approxi-
mation using direct variables, and (3) first three even terms in the global
approximation using direct variables.

even terms of the expansion, that is, a constant term, a quadratic
term, and a quartic term. Since there are three terms in the expansion,
the computational effort is identical to the case of a full quadratic
approximation, but, as seen in Fig. 6, accuracy is greatly increased
(compare Figs. 4 and 6). On the other hand, if a fourth-degree expan-
sion is to be constructed using a local approximation, all sensitivities
up to order three must be computed, independent of which terms
are retained for the approximation.

Conclusions

A methodology for estimating system reliability based on approx-
imation concepts has been presented. In this approach, limit-state
surfaces are approximated explicitly in terms of the random vari-
ables of the system. These approximate surfaces are then used with

Monte Carlo simulation to obtain the system reliability. From the
numerical point of view, this method is efficient, since the heavy
computational effort associated to simulation involves only the eval-
uation of the explicit approximate limit-state surfaces.

Local and global approximations were introduced and compared
for system reliability estimations. Local approximations are very
accurate in the neighborhood of the base line design, and thus if the
variability of the random variables increases, the quality of the sys-
tem reliability approximation decreases. On the other hand, global
approximations better reflect the average behavior of the limit-state
functions over a wider range in the space of system parameters.
Therefore, with this type of approximation a more accurate estimate
of system reliability is obtained. The numerical problems demon-
strate this expected behavior. In particular, the first example problem
shows that for the same order and choice of intermediate variables,
global approximations give a more accurate system reliability esti-
mation.

The accuracy given by local approximations is strongly dependent
on the type of probabilistic distribution and degree of variability of
the random variables since points away from the mean value have
lower probability. On the other hand, global approximations can
be adjusted to different types of distributions by choosing appropri-
ately the polynomials for the expansion and the weighting functions
in the weighted residual method. This is an attractive feature since
the method is able to capture different conditions of the system and
variables.

From a computational point of view, local approximations are
less expensive to compute than global approximations. In fact, the
computational cost associated to global approximations is propor-
tional to the number of intermediate parameters and the order of the
approximation. For example, for a first-order approximation, the
system of equations to be solved [see Eq. (29)] has dimension on
the order of the number of degrees of freedom times the number of
intermediate parameters. But since the system has a sparse struc-
ture, it can then be solved very efficiently using itcrative methods.
For the example problems presented, the number of Gauss—Seidel
iterations required for convergence was under 10.

The methodology presented in this paper is able to consider mul-
tiple failure modes simultaneously since all limit-state functions are
approximated independently, and thus correlation of failure modes is
implicitly captured. Moreover, the random variables are not required
to be independent for approximation purposes. The correlation of
the variables only appears in the simulation stage where all sta-
tistical interdependency can be easily incorporated by well-known
techniques.

When using these approximations in the context of optimal de-
sign, choosing between local or global depends on accuracy and
computational effort. In this work it is shown that global approxima-
tions improve accuracy but at a higher computational cost. Further
numerical research is required to determine when to use one or the
other, or even combine Jocal and global approximations depending
on the type of random variable, probability distribution, and degree
of nonlinearity of the limit-state surface.

This tradeoff must also be evaluated in terms of the number of
design cycles required for convergence to the optimal design. It is
a known fact that using more accurate approximations reduces the
number of design cycles, i.e., number of real structural analyses.
Thus, even if the global approximations are more expensive to ob-
tain, the reduction in the number of design cycles can be important
enough to justify their use for certain types of problems.
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